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ABSTRACT 

We formulate WZW models based on a centrally extended version of the Euclidean 
group in d-dimensions. We obtain string backgrounds corresponding to conformal a-models 
in D = (P space-time dimensions with exact central charge c = d? and d{d — l)/2 null 
Killing vectors. By identifying the corresponding conformal field theory we show that the 
one loop results coincide with the exact ones up to a shifting of a parameter. 
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1. Introduction 

Recently some attention was given to the construction of string backgrounds from 
WZW models based on non-semi-simple groups. These provide new classes of exactly 
solvable models and they seem to correspond to plane wave-type with null Killing vectors 
solutions to string theory . Writing the WZW action corresponding to a non-semi-simple 
group is not completely straightforward since the quadratic form one usually constructs 
from the algebra structure constants, namely ^Iab = fAc^fBo'^, is not invertible. Nappi 
and Witten in showed how to circumvent this problem for the particular case of the 
Euclidean group in two dimensions E2 by considering instead i?2, i-e. a centrally extended 
version of it. The corresponding 4-dimensional string background, with exact central 
charge c = 4, is of the plane wave-type and is exact to all orders in perturbation theory 0. 
The representation theory (and a complete bosonization) for E2 was worked out and 
string backgrounds in D = 3 were constructed by gauging various 1-dimensional subgroups 
of £^2 0] • It has also been shown that the background of corresponds to a larger class 
of 1-loop solutions to string theory with a null Killing vector which are also exact . 

In this article we generalize the work of [H to a larger class of WZW models based on 
a central extension of the Euclidean group in d-dimensions E^, which we will accordingly 
denote by E^. The formulation as WZW models and the underlying current algebra 
symmetry makes them exactly solvable and one can in principle compute their spectrum 
using current algebra techniques. 

This paper is organized as follows: In Section 2 we work out explicitly the case of 
the WZW model based on E^. The corresponding D = d^-dimensional conformal a- 
model possesses d{d— l)/2 null Killing vectors. In Section 3 we identify the corresponding 
conformal field theory (CFT) (with central charge c = dP) and show that the 1-loop results 
for the non-linear cr-model corresponding to the WZW action of the previous section are 
in fact exact to all orders (up to a shifting of a parameter). This fact can be traced back 
to the existence of d{d — l)/2 null Killing vectors as it will be discussed. For simplicity 
some of the explicit computations of this section are given only for the case of E^ but the 
final concliisions are true for the general well. Section 4 contains discussion and 

concluding remarks. 
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2. WZW action based on 

The Euclidean group in d-dimensions has d{d+l)/2 generators { J^j, Pi} , z = 1, 2 . . . (i. 
The commutation rules of the corresponding algebra are 



[Jij,Jki] = iS[i[kJj]i] , [JijiPk] = i5[ikPj] , [PiiPj] = . (2.1) 

Obviously (|2.1| ) is not a semi-simple algebra because it contains the abelian ideal {Pi} and 
can be thought as the semi-direct sum of the algebra for the SO{d) group and the group of 
translations in d-dimensions, i.e. so{d) (BgTd- If one attempts to write down a WZW action 
using the quadratic form corresponding to the Killing metric, i.e. ^Iab = fAc^fso'^: one 
discovers that this is reduced to the WZW model for the d{d — l)/2-dimensional group 
SO{d). One can centrally extend ( pTTI ) to by adding the set of generators {Tij}. The 
additional set of commutation rules which preserve the Jacobi identities are 



ki\ 



i5[i[kTj]i] 



[P^. Pj 



1-j 



(2.2) 



and where the central extension operators Tij commute with everything else. The quadratic 
form necessary to write down the corresponding WZW action should satisfy the following 
criteria a) O^ab = ^ba, b) fj^^^cD + fAC^BD = and c) it should be non-degenerate, 
i.e. the inverse matrix obeying Q,^^flBC = should exist. The first and the second 
properties ensure the existence of the quadratic and the Wess-Zumino term in the WZW 
action and the third one gives a way to properly lower and raise indices. For E^ the unique 
solution that satisfies all of the above criteria is 



Pi 
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(2.3) 



The group element g contains parameters and can be parametrized as follows (where 
summation over repeated indices is implied) 



g = e'-Pe'-'^K , a-P = a,P,, vT= -v,jT,j , (2.4) 



where Vij = —Vji and hu is an SO{d) group element parametrized in terms of d{d — l)/2 
parameters Uij. Using the formula 

de^ = f dx e^-^dife^^-^)^ 

one can compute the following 







g-'dg = i{da ■ P' - -da,a,T^^) + idv ■ T' + -{dKhl^),jJ[^ , (2.5) 



where the generators = h^T^hu satisfy the same commutation relations ( ^71] ) as the 
Ta's. Similarly we compute 



dgg-^ = i{da ■ P + -da^a^Tij) + ie'^'^dv ■ Te"^"'^ + e^^-^e^^-^^d/i^/i^^e-^^-^e-^"-^ . (2.6) 



In section 3 we will need an explicit expression for dgg~^. One way to obtain such an 
expression is to note that dgg^^ = —gdg~^ and then use ( ^75|) with (a^ —ai, Vi —Vi, 
hu h~^) and {Pi P/, Tij T/^) with the additional contribution of the terms a ■ dP' 
and V ■ dT' (these terms contribute when derivatives with respect to the parameters Uij of 
hu are taken). The resulting expression is 



dgg ^ =i{da ■ P + ^daiajTij) + idv ■ T + ]^{dhuhu)ijJij + ai{dhuhJ-)ijPj 



1 v2.7) 



+ idhuhuU-a.a, + v.,)T,,. 
The WZW action is defined as (we omit an overall scale factor) 



^(9) =^2(^7) + ^3(^7) 

= jj''^ ng-^dgg~^dgQ) + ^ ^ "^{g'^dg A g'Hg A g-^gO.) , 
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where VLab = Tr{TATB^) and E = dB. Using (gj), and the fact that h-^ilK = O 
one easily computes that 



S2{9) = S2{hu) + ^ j (fz [2daidai+i{dhuhJ-)ij{daiaj-dvij)+i{daiaj-dvij){dhuh^^)ij] . 

(2.9) 

The computation of Ss{g) is more involved. We will give some of the steps 
^3(^7) = Ssih^) [ Tr{da ■ P' A da ■ P' A {dh^h-^yn) 

OTT Jb 

-—I Tr[(da ■ P' A idhuK^)' + {dKK^)' A da ■ P') A da ■ P'fl] 

+ ^ [ ^^[{idv^J - da^aj)Tl^ A [dKh-^)' + {dhuK^)' A {dv,j - rfa.a.OT^-) A {dhuh-^yn] 

J-^TT Jb 

+ / Tr[{dhuK^y A {dhuK^y A {dv,j - da.a.OT^-O] 



^3(M + ^ / d[idh^hZ% A {dv., - da^a,)] 



B 



= Ssihu) + ^ y [{dhuh^^)ij{dvij - daiaj) - (at;^^ - daiaj){dhuh^^)ij] , 

(2.10) 

where we used the definition [dh^h^y = ^{dhuh^)ijj[-. Combining ( p^) with ( |2.1C1| ) we 
obtain the final form for the action 

S{g) = S{hu) + 77- / d'^z [daidai + i{daiaj - dvij){dhuh~^)ij\ , (2.11) 
27r 

where S{hu) is the WZW action for SO{d) at level /c. From the action ( |2.11|) one can easily 
read off the corresponding metric and antisymmetric tensor fields. For the purposes of 
Section 3 let us note that for ( |2.11| ) can we rewritten as (In this case any antisymmetric 
matrix Aij can be parametrized in terms of a vector Ai, i.e. Aij = eijkAk) 

S{g) = S{hu) + ^ / [da,da, + {2dvk - e,,kda,aj)R^^du^] , (2.12) 



where dh^h^^ = iJkR'^du'^ , i = 1, 2, 3 , /U = 1, 2, 3. Finally, let us note that if Jij — > ieijJ, 



off! 



—Itti , I 



1, 2 and k — —b one obtains for En the results 



3. CFT corresponding to the WZW model for 

In this section we identify the CFT corresponding to the WZW action for E^. The 
OPE for the current algebra according to , (|2.3| ) are (we concentrate on the holomor- 
phic part only) 



J ij J kl 
JijPk ' 
J ij Tkl 



z — w {z — wy 
p.p. ^ 

Z — W 



w 



+ 



z — w {z — wY 
The corresponding stress energy tensor 



TijTki 



{z — w)"^ 
. 



(3.1) 



T = ^ : (P,P, + J,jT,j - 1 (2rf - 3 + k)T,jT,j) : (3.2) 

satisfies the Virasoro algebra with central charge c = and corresponds to a solution of the 
Master equation of . With respect to ( |3.2| ) all currents are primary fields with conformal 
dimension one. In the rest of this section we will show that the metric corresponding to 

3] . For simplicity 



the WZW action ( |2.11| ) can also be obtained via the operator method [j^] 
of the presentation we will concentrate on the case of E^. It is convenient to express the 
zero modes of the holomorphic currents in ( |3.1[ ) as first order differential operators. From 
( p.6|) rewritten for i^g we compute the following matrix defined as dgg'^ = idX^ Em^Ta, 
where X^^ = {a^, Vi, u^} 



E 



M 



Vi 



( 



J, 







^3 



\ 



5ij 



(3.3) 
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Its inverse is given by 



a, 



Ea 



M 



Pr 



J, 



\ 











(3.4) 



J 



The first order differential operators defined as J a = iEa^Om satisfy tfie commutation 
relations (|2.1|) , (|2.2|) . Their explicit expressions are 



Jpi = 'idi + -eijkCikdvj , — '^^y^ . 



(3.5) 



The metric and the dilaton can be deduced by comparing [ 



HT = (Lo + Lo)T 



with 



HT 



G 



where H is the Hamiltonian of the corresponding CFT, Lq and Lq are the zero modes of 
the holomorphic and antiholomorphic stress energy tensors and T denotes tachyonic states 
of the theory annihilated by the positive modes of the holomorphic and antiholomorphic 
currents. One can show that the physical condition for closed strings (Lq — Ijq)T = is 
obeyed and therefore one need only consider the action of Lq on T . In this way one obtains 
a constant dilaton and the inverse metric 



G 



MN 



tti 
Vi 



( 












2 ^ijkOik 

\\(^ijkak R'j (la ■ a - k - 3)Sij 
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\ 



4 ttiOij 



(3.6) 



which upon inverting gives the metric corresponding to the action ( |2.12|) , but with k 
k + 3. Therefore our result ( |2.12 ) is exact up to the forementioned shifting of k. For the 
general case of the result for the metric one obtains with the use of the operator method 



coincides with the one corresponding to the action (|2.11|) up to a shifting k k + 2d — 3 
in ( pJll) . 



4. Discussion and concluding remarks 

The space-time corresponding to ( |2.11| ) is a cf^-dimensional one with d{d — l)/2 null 
Killing vectors equal in number to the independent components of the matrix (vij). The 
facts that the only result of quantum effects is to shift k in ( |2.11[ ) and that the central 
charge equals the number of independent fields (c = d^) can be traced back to the existence 
of d{d — l)/2 null Killing vectors. Their role in ( |2.11| ) is that of Langrange multipliers 
which 'freeze' out fiactuations of the SO{d) currents unless sources are introduced for 
these currents and this is the reason why all renormalization effects (shifting of k) occur 
only in the part of ( |2.11| ) corresponding to the WZW model for the group SO{d). It is 
worth understanding this point from the beta functions point of view along the lines of . 

The action ( |2.11J ) has the following 'obvious' global symmetries 

hu — ^ huA. , {hu — ^ Shu, V — ^ SvS'^, ai — > Sijaj} , v ^ v -\- N 

where A, S are constant group elements of SO{d) and is a constant antisymmetric 
matrix. The total number of constant parameters is 3d{d— l)/2. It is very likely that one 
can obtain the background corresponding to by appropriate 0{^d{d— 1), ^d{d— 1)) 

transformations performed on the background corresponding to a flat space-time with 
zero antisymmetric tensor in D = d^ space-time dimensions (The fact that c = d^ is very 
suggestive) .0 One can also use similar transformations to generate new string backgrounds. 

^ For the E2 case this was shown in ||3|[Q. The same is true for all models one obtains by 
gauging 1-dimensional subgroups of -E2 Q- 
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The signature of the space-time is determined by the sign of the eigenvalues of the 
quadratic form (p73|). One easily finds that there are d{d + l)/2 positive and d{d — l)/2 
negative ones. One may consider gauged versions of the WZW model corresponding to 
as it was done for the case of E2 in [|[ . For instance one could gauge the subgroup 
corresponding to E^_-^ (for d = 2 this was done in |^). That will give a model in D = 2d—l 
space-time dimensions with (d—l) time-like coordinates. Clearly only for d = 2 one obtains 
a space-time with 1-time coordinate in both the E^ and the E^/ E^_^ cases. 

Finally, we believe that it is worth considering WZW models based on other semi- 
simple groups (in particular those with 1-time coordinate) since they correspond to solvable 
models with exact conformal invariance. They seem promising candidates for exact CFT 
theories corresponding to plane wave-type with null Killing vectors solutions to string 
theory. 

Note added 

After we finished this paper we received ref. P] where the problem of constructing 
WZW models based on non-semi-simple groups was also considered. 
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